X(G) to be {X(h)\h £ G}, a linear group operating on V. For v £ V, let gv be the image of v under X(g).
If a is a complex number, define C v (ag) = {v\v Ç V, gv = a"" 1^} . We say that PF is a homogeneous space of F for G if, for some irreducible representation Y oî G, W is the sum of all the spaces on which constituents equivalent to Y act. The number of homogeneous spaces is called the variety of the representation X on G. If X is irreducible and for any normal subgroup N of G, X\N has variety one, then we say that X is quasiprimitive. We use S p to denote a ^-Sylow subgroup and 5^w to denote a group isomorphic to the symmetric group on n letters. Our use of C does not exclude equality. The symbol || means divides exactly. If p is a prime and p || |G|, then w p denotes a generator of S p , q p denotes [N(S P ) : C(S P )] } and After section 3, we assume that G is a finite group with a faithful, quasiprimitive, irreducible, unimodular representation X with character % of degree six over the complex numbers, and we let co, e, and ft denote primitive third, fifth, and seventh roots of unity, respectively. Finally, a(X, Y, Z) is the coefficient of the conjugacy class containing Z in the product of classes containing X and Y.
We frequently refer to the theorem of Blichfeldt that a quasiprimitive, complex linear group contains no non-scalar element which has an eigenvalue within 60 degrees of all its other eigenvalues. This is [1, Theorem 8, page 96]. The statement given there is for primitive groups, but the proof uses only quasiprimitivity.
We must also make extensive use of the classification of linear groups of degrees 2, 3, and 4 given in [1] . In [1, Chapter III] , the linear groups of degree 2 are listed as types (^4) through (E) between pages 69 and 73. Of these groups only the icosahedral group, type (E) on page 73, has two noncommuting elements of order 5. The groups of degree 3 are numbered (A) through (J) on pages 105, 109 and 113. Only the groups (H) and (/), A 5 and A 6 , contain two non-commuting elements of order 5.
We often refer to a consequence of [4, II, Theorem 1] that if Y is an irreducible representation of G with a ^-Sylow subgroup P = (x) of order p, then the ^>th roots of unity can be partitioned into disjoint sets Si and ^2 such that the elements of S t occur with the same multiplicity as eigenvalues of Y(x) for i = 1, 2. Also, Si = {1} or there exists a primitive ^>th root of unity 7 such that Si = {y mT 
\r G Z} for m equal to the [{p -l)/[N{P)
: C(P)]]th power of a generator of the multiplicative group of Z/^Z.
In conjunction with section 4, Lemma 1, we often use [10, 53.17 ] from which it follows that degrees of irreducible characters of G divide \G/Z\. 3 . Groups of degree six.
THEOREM. If G has a complex irreducible representation X of degree 6 which is faithful, unimodular, and quasiprimitive, then G is one of the following groups (\Z\ is given for the case G = G ; G can be extended means that a larger group has a representation of degree 6).
I. G/Z^A XB where A^A 5 , A 4 , or y A , and B ^ PSL(2, 7), A 5 , AQ, or Hi for i -1, 2, or 3, where iJ 3 is the Hessian group in [1] isomorphic to an extension of Z 3 X Z 3 by SL (2, 3) , and H 2 and H\ have indices 3 and 6 in Hz.
II. G/Z is isomorphic to a subgroup of index 2 in $f \ X H u i = 1 or 2, or to a subgroup of index 3, 12, or 24 in A± X i?3.
III. G/Z ^ A, or y 5 , \Z\ = 2, \A 5 \ = 60. IV. G/Z ^A Q ^ PSL (2, 9) , \Z\ = 3, |4 8 | = 360; G' has two conjugate characters of degree 6 contained in Q(oo). This group G can be extended by an automorphism of order 2 coming from the product of the outer automorphism from GL (2, 9) and the field automorphism of PSL (2, 9) .
V. G/Z ~A 6 , \Z\ = 6; G' has four conjugate characters of degree 6 contained in Q(oo, \/2).
VI. G/Z ^ An or S 7| \Z\ = 1, \Ai\ = 7!/2.
VII. G/Z -AT, \Z\ = 3; G has two conjugate characters of degree 6 contained in Q(<a).

VIII. G/Z ~ AT, \Z\ = 6; G' has four conjugate characters of degree 6 contained in Q(co, s/2).
IX. G/Z ^ PSL(2, 7) or PGL(2, 7), \Z\ = 1, |PSL(2, 7)| = 168. X. G/Z 9Ë PSL(2, 7) or PGL(2, 7), \Z\ = 2, G' has two conjugate characters of degree 6 contained in Q(V2).
XI. G/Z 9ËPSL(2, 11), \Z\ =_2, |PSL(2, 11)| = 660; G has two conjugate characters contained in Q(\/-11).
XII. G/Z ^ PSL(2, 13), \Z\ = 2, |PSL(2, 13)| = 13 The reason for classifying quasiprimitive 6-dimensional rather than primitive 6-dimensional groups is not to achieve greater generality, but to avoid deciding which of the above groups are primitive. For example, the projective representation (IV) of A Q with centre of order 3 is monomial. 
xl(gt h) = in -4)/x + f, where ^ and f are characters of {g, h) of degree 1 and 4, respectively. If the representation Y corresponding to f has two disjoint invariant subspaces of dimension 2, then at least one of them corresponds to a projective representation of A$. Now, (g, h) is isomorphic to a subgroup of the direct product of the irreducible constituents of X\ (g, h) . Then by the subdirect product theorem [14, Theorem 5.5.1], w T e obtain a product of commutators with eigenvalues -co, -~o>, 1, 1, . . . , 1 or -co, -co, -co, -co, 1, 1, . . . , 1, in contradiction to the eigenvalues result of [1] . In particular, a ^ r; otherwise, Y(g) and Y(h) have eigenvalues a, a, a, a and by [1, section 103] , Y has two disjoint invariant subspaces of dimension 2, which is a contradiction. Also, a 9 e <T and a ^ r, for the same reason.
If Y is irreducible, then by enlarging Z(G) and replacing X(g) and X(Â) by scalar multiples of themselves, w^e may assume that det Y(g) = det Y(h) = 1, and that Y is unimodular. Then by [4] , 25| \(g, h)\. Furthermore, Y cannot be irreducible and imprimitive, since in this case Y(g) and Y{h) would permute the spaces of imprimitivity trivially. By Blichfeldt's classification [1] of groups of degree 4, Y contains, as a subgroup of index 1 or 2, a tensor product of 2-dimensional representations of a central extension by A 5 . Again we get -co, -co, -co, -oo, 1, 1, . . . , 1 in contradiction to the eigenvalues result of [1] . Therefore, C v (a~lg) P C v (a~lh) has a 3-dimensional (g, /z)-invariant complement U on which (g, h) irreducibly represents A 5 or A$ projectively, by the groups of degree 3 of [1] . By quasiprimitivity, U is not left invariant by the normal subgroup generated by conjugates of g and in particular, not by k equal to some conjugate of g. Now, Proof. If this were not true, a non-identity element in S 5 Pi Z(S$) would have eigenvalues 1, e, e, e, e, e, contrary to Lemma 2.
The case G/Z simple and \G/Z\ = 5
C 3 & 2\ Now, until section 10, we assume that G is faithfully and quasiprimitively represented by X on a 6-dimensional space V, G/Z is simple, and G = G'. In particular, X is unimodular and \Z\ | 6. Suppose that D is a 5-Sylow intersection group. Further, suppose that X\D has variety 2. Then by Lemma 3, S 5 is abelian, and by Lemma 2 no 5-element has as many as four identical eigenvalues, so we have g Ç D with X(g) = diag(e, e, e, e, ê, ê). Then C(g) does not have a normal 5-Sylow subgroup. By Blichfeldt's classification [1] (we mentioned this in section 2) of 2 and 3-dimensional groups, X\C(g) has a 2-dimensional constituent projectively representing A$, or an irreducible 3-dimensional constituent representing A 5 or AQ projectively. Suppose that the former is contained in C v (e~lg). Then C(g) on C v (eg) represents A 5 projectively and irreducibly on the 3-dimensional subspace; otherwise, by the subdirect product theorem we obtain an element with eigenvalues -co, -co, 1, 1, 1, 1 or -co, -co, -co, -co, 1, 1. Then X\S 5 has variety 6 and is centralized by an element, XQi) -diag(-1, -1, 1, 1, 1, 1) of order 2 corresponding to the centre of the 2-dimensional projective representation of A 5 . We may look at a 2-modular representation of G corresponding to X. When X(S&) is diagonal, X(h) is diagonal and in the kernel, a 2-group by [5] , of the 2-modular representation, contradicting the simplicity of G/Z. Therefore, the 2-dimensional projective representation of A 5 cannot arise here. Then, as an element (e, e, 1, 1, 1, 1) is impossible by Lemma 2, X\C(g) has two irreducible 3-dimensional constituents dependently representing A 5 or A Q projectively. Now,
C(D)/Z(C(D))
^ A m for m = 5 or 6. By unimodularity of X, all 5-elements where X\D has homogeneous spaces of dimensions 1, 2, and 3 were all eliminated in the case of variety 2. Homogeneous spaces of dimensions 1,1, and 4 contradict Lemma 2. Therefore, homogeneous spaces have dimensions 2, 2, and 2. Then C(D) is a central extension by A 5 whose image in each 2-dimensional constituent must be non-abelian to avoid the previous contradiction to the eigenvalues result of [1] . By Lemma 2 and unimodularity, an element g Ç D of order 5 must have eigenvalues 1, 1, e, e, ë, ë or with e replaced by e 2 everywhere. Therefore, D is cyclic. Suppose that h b = g and h G D. We may take
where 7 is a fixed primitive twentyfifth root of unity. If a = 0, then h contradicts the eigenvalues result of [1] ; if a = 1, X(h 7 ) = diag(7 10 If X\D has variety as large as 4, then the partition into homogeneous subspaces is a refinement of 6=1 + 2 + 3 and all the possibilities were eliminated in the case of variety 2. Therefore, in the case of nontrivial 5-Sylow intersection, |5 5 6. The case where a large prime divides |G|. Here again G/Z is assumed to be simple. Suppose that p a \ \G\ for p a prime greater than 7 and a ^ 1. By [11] applied to S p C G, G has a normal ^-subgroup of order at least p a~l . By simplicity of G/Z, a = 1, and by [4] , if p à 13, then G/Z ÊË PSL (2, 13) . Assume that 11| \G\. Then 11 || |G|. Also, qu ^ 6, so qu = 5 or 2, for if gn = 1, then G has a normal 11-complement. By [4] , if q n = 2 and 7 is a primitive 11th root of unity, then we have that X (71*11) has eigenvalues 7y 7J 7> 7i 7> 7J contrary to the eigenvalues result of [1] . Let f be the character corresponding to the skew-symmetric tensors of X (x) X. Now, x(^"n) = 1 + a where a = 7 + y s + y 9 + Y 5 + Y 4 . In f (7rn) no eigenvalue 1 occurs, but 1Y and Y 9 7 occur, so f (7m) = 2a + a or 2a + a. In any event, by [4] , f is reducible. Since 5 divides the degrees of the constituents, f has an irreducible character of degree 5 and by [4] , G/Z ^ PSL (2, 11) .
By [18, Theorem], 7 2 -f |G|. By the previous section, we may assume that a higher prime than 5 divides \G\. Therefore, when G/Z is simple, we may assume that IGI = 2 a 3 & 5 c 7. This case concerns the next two sections.
7. The cases £7 = 6 and ti = 3. The case h = 6 is eliminated by the existence of a normal 7-complement in this case. Assume that h = 3 and \G/Z\ = 2 a 3 & 5 c 7. Now, X (7^) = diag (7, 7, 7, 7, 7, 7) contradicts the eigenvalues result of [1], so by [4] , xiji) = -1 and C(7r 7 ) = S^Z. Furthermore, B 0 (7) contains characters of degrees 1, x, and y, with x -y = ±1; x, 3/ = d=l or ±2 (mod 7) (±'s independent here). Since x and y do not have a common prime divisor, one of them, say x, is a power of 2, 3, or 5. We may assume by [1; 5; 29] that no degree is 2, 3, 4, 5, or 7. All the characters of G with action on Z identical to the action of % lie in the same 7-block which can contain at most two characters of degree 6. Therefore, % has at most two 5-conjugates. and W{g) = 7 3 . We may reverse the roles of the constituents and X\Sz is determined. Furthermore, co/ 6 occurs as a commutator, 3| |Z|, and 3
6 | ] \G/Z\. As x £ Q(u), x\$£> is rational and by [21] , We have an element T of order 3 in Z(5 3 ) with xCO = -3. Then for Xi5(l) = 15 and xi5 6 -So(7) £ #o(3), by 3-7 block separation, and xuCO = -3; otherwise, xi&(T) = 6 and xioCO = 10, which is impossible. The character of C 2 (X), the skew-symmetric tensors of X ®X, takes T to ((-3) 2 -(-3))/2 = 6 5* xisOO. Therefore, this character is reducible since by [4, II, Theorem 1], B 0 (7) is the only 7-block of defect 1. It must have irreducible constituents of degrees 1 and 14. The character % 2 i of P 2 (X), the symmetric tensors of X (x) X, takes T to (( -3) 2 + ( -3))/2 = 3 and cannot be %6 + Xi5-Since C%(X) contains xo, P*{X) is irreducible. The character of Cz(X), the skew-symmetric tensors of X (x) X (x) X, takes r to 9oo + 9cô + 2 = -7 and cannot equal xio + Xio-As a constituent of (xo + XiOxe it does not contain xo and must be X6 + Xi4'. Then
XiAT) = -7 -(-3) = -4^5 = xi 4 (r).
Since C (5 5 Then X ® X has irreducible constituents of degree 1, 14, and 21. Also £, the character of the symmetric tensors of X (x) X, is irreducible. However, £Os) = 6e 2 + 6e~2 + 9 or 4e + 4i + 7 + 3e 2 + 3e" 2 in contradiction to [4] . By arguments in the previous section, % r eal implies that l^l ^ 25 if S 5 is elementary abelian. We still assume that x has some 5-conjugate until we state otherwise. As \Z\ = 2, there are two 7-blocks of defect 1, say B 0 and Bi. Therefore, B\ is taken to itself by complex conjugation and [25, Theorems A and B] apply. Since all characters of degree 6 are real, they appear on the stem and x has, at most four conjugates. Suppose that k Ç G has order 25. Then the automorphisms y -» 7 6 and y -> 7 _1 fix %|5 5 where y b = e. This is impossible as x(&) would then have at least ten eigenvalues. Therefore, [16] . Otherwise, \G/Z\ = 75600. By a well known result of algebraic number theory, any automorphism of our 7-modular field R/M lifts to an automorphism of our algebraic number field leaving invariant our local ring R and its maximal ideal M. Then this automorphism induces an automorphism of the tree of any block which it fixes. In particular the automorphism of the 7-modular field of raising elements to their seventh power lifts to an automorphism r of the algebraic number field containing Q(xi(G)), taking 7 r -roots of unity to their seventh powers. As S5 is elementary abelian, r does not fix % and must flip the stem. Then Bi(7) has three pairs of characters of equal degree. Because they are faithful on Z, the degrees are even. If there are two pairs of characters of degree 6, then the tree is real with degree equation 6 + 6 + 6 + 6 = 8 + 8 + 8. Then 5 5 ^ Z 5 X Z 5 is not cyclic, contrary to unimodularity of a 7-modular character of degree 2. Another degree divisible exactly by 2 must be 90, 50, or 3 3 5 2 2. In the first two cases, 120 + 120 -90 -90 = 60 ^ 0 (mod 25) and 90 + 90 -120 = 60 ^ 0 (mod 25), contrary to 5-7 block separation. In the third case, the stem consists of 6, 8, and 6, since the character of degree 50 has no 5-conjugate, and then 6 + 6 > 8 gives a contradiction. The fourth case has no tree. The last case is not possible by 5-7 block separation. Now, we may assume that x has no 5-conjugate. In particular 25\ \G\. Suppose that 5i \G\. Then no character has degree 15 and by the first paragraph of this section, the skew-symmetric tensors of X (x) X have irreducible constituents of degrees 1 and 14, x is real, and \Z\ = 2. If x\Sz is irrational, then the above mentioned automorphism r taking x to x 7 for x a 7'-root of unity, induces an automorphism of the tree of Bi (7) . Then r 2 fixes the stem and x» since x is real and on the stem. As a primitive 27th root of unity has 9 > 6 = x(l) images under r 2 , 5 3 has exponent 9 or 3. For 7 a primitive ninth root of unity, r 2 : 7 -» 7 49 and complex conjugation: 7 -> y~l generate the automorphism group of Q(y) and fix x, so x\Sz is rational. Then as before, 3 5^ \G\. Since [G:S 7 Z] = 6 (mod 7), 3 divides \G\ to the first or third power. Then \G/Z\ |2 9 3 3 7 = 96768. In J3 0 (7), the degree 288 is too large since 288 2 (1 + 1/5) > 96768. The possible degrees in B 0 (7) are 8, 64, 48, 36, 27, and 216. Then there must be three (mod 4) characters of degree 27. It must be three and \G/Z\ = 2 a 3 3 7, a = 3, 6, or 9. Since 216 + 27 + 27 + 27 > 1 + 64 + 64, the degree 216 is impossible. Only 8, 64, 48, and 36 remain.
Since 27 + 27 + 27 + 48 + 48 > 1 + 64, the -1 (mod 7) side of the degree equation is 27 + 27 + 27 or 27 + 27 + 27 + 48. By the degree equation, taken (mod 3), the other side is 1 + 8 + 36, 1 + 8 + 36 + 36, 1 + 64 + 64, 1 + 64 + 64+36, or 1 + 8 + 8 + 64. The degree equations are 1 + 8 + 36 + 36 = 27 + 27 + 27, 1 + 64 + 64 = 27 + 27 + 27 + 48, and 1 + 8 + 8 + 64 = 27 + 27 + 27. In the first case, 2-7 block separation implies that a = 3, contrary to Yl x t 2 > 56.27. In the second case, a = 6, contrary to X) %t > 2 6 3 3 7. In the last case, 1, 27, 27, and 27 occur in the same 2-block by block separation. The characters of degree 8 must also lie in this 2-block, which is a contradiction.
Suppose that 5 || \G\ and S 5 is not self-centralizing in G/Z. By [4] we may write X(TT 5 ) = diag(l, 1, e, e , 7, 7, 7, 7, 7) . As G/Z is simple, G is generated by Z and conjugates of the homology X(g). Then the classification in [20] of finite primitive collineation groups generated by homologies contradicts the simplicity of G/Z. Now, we may assume that C(7r 5 The degree equation of the 7-block of defect 1 of U 3 (3) is 1 + 32 = 6 + 27 by [15] . Suppose that G is a non-trivial central extension of Z 2 by U 3 (3) . Then B± (7) of G has a character %32' faithful and completing the 2-block of defect 1. It contains other degrees not divisible by 3. The block orthogonality equations with (1, -^7) where -in is of order 14, taken over all 2-blocks containing a character of degree 32 (thus, of defect 1) shows that 221 (7) contains exactly one character of degree 32. 8 is the only other degree not divisible by 3. Since 3f (32 + 8), the degree equation for £i (7) , and c' has order 3. The tree of Bi (7) shows that the characters of degree 8 are algebraic conjugates and the xs(c f Ys are equal and congruent to -1 (mod 3). Since |C(c')| = 9|Z|, Xs(c f ) = -1 or 2 and x^(c) = -3 or 3, which is a contradiction. Therefore, any central extension of Z 2 by U 3 (3) is isomorphic to Z 2 X U 3 (3) . Now, suppose that G is a non-trivial central extension of Z 3 by U 3 (3) . By [3, Corollaries 4 and 5], a faithful character of degree 27 is in a 3-block of defect one with its 3-conjugate and a 3-rational character of degree 27, which by its 3-rationality has Z(G) in its kernel. Therefore, a non-principal 7-block has at most one character of degree 27, contrary to the fact that 27 is the only possible odd degree in this block. There can be no projective representation of U 3 (3) with centre of order 6, since Z 2 factors out of any central extension of Z 6 byU 3 (3) . Now, suppose that G is a non-trivial central extension of Z 2 by PSU4(2) with a faithful representation of degree 6. We shall make frequent appeal to the character table of PSU4 (2) . There is exactly one degree 64 in -So (5) and, hence, exactly one degree 64 in 2?i(5), the non-principal 7-block of defect 1. By assumption, %6' of degree 6 is in 2?i(5). There is a degree divisible exactly by 2 since if f G £i . Then y = 6, which is a contradiction since PSU 4 (2) has no projective 6-dimensional representation with centre of order 3.
